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Syllabus content :   identify anti-differentiation as the reverse of differentiation 
  ( 3.2.1 - 3.2.9 )         
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Question 1           (13 marks) 

 

Consider 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥), this is called a differential equation, more specifically a first order differential 

equation. To solve or find the general solution of a differential equation is to do the reverse of 

differentiation. 

To find the general solution of a differential equation, then some additional information must be 

required. 

 

Solve the following differential equations to find the general solution or particular solution. 

a) 
𝑑𝑦

𝑑𝑥
= 3𝑥2 + (𝑥 + 1)(𝑥2 + 2𝑥 + 1)2 + 𝑒      (3 marks) 

 

 

 

 

 

 

 

 

 

 

b) 
𝑑𝑦

𝑑𝑥
=

13𝑥

√4𝑥2−7
 𝑎𝑡 (2,

3

4
)         (4 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

To solve 
𝑑𝑦

𝑑𝑥
, must integrate for both sides 

∫ 3𝑥2 + (𝑥 + 1)(𝑥2 + 2𝑥 + 1)
2

+ 𝑒 𝑑𝑥  (1 mark) 

→ 𝑥3 +
1

2
∫(2𝑥 + 2)(𝑥2 + 2𝑥 + 1)

2
𝑑𝑥 + 𝑒𝑥 + 𝑐 (1 mark) 

∴ 𝑥3 +
1

6
(𝑥2 + 2𝑥 + 1)2 + 𝑒𝑥 + 𝑐  (1 mark) 

Or can also accept 

∴ 𝑥3 +
1

6
(𝑥 + 1)4 + 𝑒𝑥 + 𝑐 

 

Solution 

∫ 13𝑥(4𝑥2 − 7)
1

2 𝑑𝑥 →
13

8
∫ 8𝑥 (4𝑥2 − 7)

1

2 𝑑𝑥 (1 mark) 

→ 𝑦 =
13

12
(4𝑥2 − 7)

3

2 + 𝑐    (1 mark) 

3

4
=

13

12
(4(2)2 − 7)

3

2 + 𝑐 → 𝑐 = −
57

2
  (1 mark) 

∴ 𝑦 =
13

12
(4𝑥2 − 7)

3

2 −
57

2
    (1 mark) 
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c) 
𝑑𝑥

𝑑𝑦
=

3

(tan2 𝑥+1+𝑒4𝑥+
3

√3𝑥+43 )
    (𝐻𝑖𝑛𝑡: 𝑚𝑎𝑛𝑖𝑝𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦)  (6 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

𝑑𝑥

𝑑𝑦
=

1

(
𝑑𝑦

𝑑𝑥
)
     (1 mark)  

(Note: this is not the actual explanation to this, as these are limits not fractions, for the actual proof refer to the 

Sadler Methods Unit 4 Book) 

𝑑𝑥

𝑑𝑦
=

3

(tan2 𝑥+1+𝑒4𝑥+
3

√3𝑥+43 )
     

⇒  
𝑑𝑦

𝑑𝑥
=

(tan2 𝑥+1+𝑒4𝑥+
3

√3𝑥+43 )

3
   (1 mark) 

Consider the Pythagorean identity in the formula sheet sin2 𝑥 + cos2 𝑥 = 1 

sin2 𝑥 + cos2 𝑥 = 1     

→  
sin2 𝑥

cos2 𝑥
+

cos2 𝑥

cos2 𝑥
=

1

cos2 𝑥
   (1 mark) 

 

∴  tan2 𝑥 + 1 = cos−2 𝑥   (1 mark) 

Thus, by using this identity, use it within 
𝑑𝑦

𝑑𝑥
 

𝑑𝑦

𝑑𝑥
=

(cos−2 𝑥+𝑒4𝑥+
3

√3𝑥+43 )

3
  

→
𝑑𝑦

𝑑𝑥
=

1

3
cos−2 𝑥 +

1

3
𝑒4𝑥 + 3(3𝑥 + 4)

1

3   (1 mark)  

→  ∫
𝑑𝑦

𝑑𝑥
 𝑑𝑥 = ∫

1

3
cos−2 𝑥 +

1

3
𝑒4𝑥 + 3(3𝑥 + 4)

1

3  𝑑𝑥   

Hence, ∴ 𝑦 =
1

3
tan 𝑥 +

1

12
𝑒4𝑥 +

3

4
(3𝑥 + 4)

4

3 + 𝑐  (1 mark)  
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Question 2 

Determine the exact area of the region trapped by 𝑦 = sin
1

2
𝜋𝑥 and 𝑦 = |𝑥 − 2| − 2, from the origin 

to 𝑥 = 3.           (8 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑦 

𝑥 

Solution (1st Part) 

Equation at the left side of 

|𝑥 − 2| − 2 of its critical point 

(at 𝑥 = 2), is 𝑦 = −𝑥 

(1 mark) 

Equation at the right of 

 |𝑥 − 2| − 2, is 𝑦 = 𝑥 − 4 

(1 mark) 

(Note: Can be done by 

inspection or can accepted in 

any other method) 

Hence can be written as 

piecewise function 

∴ 𝑦 = {
−𝑥  𝑓𝑜𝑟 𝑥 ≤ 2

𝑥 − 4 𝑓𝑜𝑟 𝑥 > 2
 

Solution (2nd Part) 

Hence, let 𝐴1 be the area of the first portion from 𝑥 = 0 to 𝑥 = 2 

𝐴1 = ∫ (sin (
𝜋𝑥

2
)) − (−𝑥)

2

0
 𝑑𝑥  (1 mark) 

→  𝐴1 = [
𝑥2

2
−

2

𝜋
cos (

𝑥𝜋

2
)]

0

2

   

∴ 𝐴1 = (
4

𝜋
+ 2) 𝑢𝑛𝑖𝑡𝑠2  (1 mark) 

Let 𝐴2 be the area from 𝑥 = 2 to 𝑥 = 3 

𝐴2 = ∫ (sin (
𝜋𝑥

2
)) − (𝑥 − 4) 𝑑𝑥

3

2
 (1 mark) 

→  𝐴2 =  [−
𝑥2

2
−

2

𝜋
cos (

𝑥𝜋

2
) + 4𝑥]

2

3

    

 ∴ 𝐴2 = (
3

2
−

2

𝜋
) 𝑢𝑛𝑖𝑡𝑠2   (1 mark) 

Let the total area be represented as 𝐴𝑇 

𝐴𝑇 =  𝐴1 + 𝐴2    

→  𝐴𝑇 =  (
4

𝜋
+ 2) + (

3

2
−

2

𝜋
)  (1 mark)  

∴ 𝐴𝑇 = (
2

𝜋
+

7

2
) 𝑢𝑛𝑖𝑡𝑠2  (1 mark) 

Hence the total exact area of the region trapped by the two functions is (
2

𝜋
+

7

2
) 𝑢𝑛𝑖𝑡𝑠2 
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Question 3           (12 marks) 

The function is given as 𝑦 =
𝑥

cos2 𝑥
+ 𝑥 sin 𝑥. 

a) Find 
𝑑

𝑑𝑥
(

𝑥

cos2 𝑥
+ 𝑥 sin 𝑥)        (2 marks) 

 

 

 

 

 

 

 

 

 

 

 

b) Hence, by using 
𝑑

𝑑𝑥
(𝑥 sin 𝑥), find ∫

4𝑥 tan 𝑥

cos2 𝑥
𝑑𝑥.     (6 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

𝑑

𝑑𝑥
(

𝑥

cos2 𝑥
) +

𝑑

𝑑𝑥
(𝑥 sin 𝑥)   

→  
(1)(cos2 𝑥)−(𝑥)(2 sin 𝑥 cos 𝑥)

cos4 𝑥
+ (1)(sin 𝑥) + (𝑥)(cos 𝑥)   

(2 marks, by use of quotient rule/product rule, doesn’t matter) 

→  
cos2 𝑥−2𝑥 sin 𝑥 cos 𝑥

cos4 𝑥
+ sin 𝑥 + 𝑥 cos 𝑥    

→
cos2 𝑥

cos4 𝑥
−

2𝑥 sin 𝑥 cos 𝑥

cos4 𝑥
+ sin 𝑥 + 𝑥 cos 𝑥  (1 mark) 

→
1

cos2 𝑥
−

2𝑥

cos2 𝑥
(

sin 𝑥

cos 𝑥
) + sin 𝑥 + 𝑥 cos 𝑥    

∴
𝑑𝑦

𝑑𝑥
= sin 𝑥 + 𝑥 cos 𝑥 +

2𝑥 tan 𝑥

cos2 𝑥
+

1

cos2 𝑥
   (1 mark) 

 

∴
𝑑

𝑑𝑥
(

𝑥

cos2 𝑥
+ 𝑥 sin 𝑥) = sin 𝑥 + 𝑥 cos 𝑥 +

2𝑥 tan 𝑥

cos2 𝑥
+

1

cos2 𝑥
   

Solution 

Firstly, find 
𝑑

𝑑𝑥
(𝑥 sin 𝑥)  

𝑑

𝑑𝑥
(𝑥 sin 𝑥) = sin 𝑥 + 𝑥 cos 𝑥  (1 mark) 

By using the answer we had in a), we integrate both sides. 

∫

𝑑

𝑑𝑥
(

𝑥

cos2 𝑥
+ 𝑥 sin 𝑥) 𝑑𝑥 = ∫ sin 𝑥 + 𝑥 cos 𝑥 +

2𝑥 tan 𝑥

cos2 𝑥
+

1

cos2 𝑥
 𝑑𝑥

→  
𝑥

cos2 𝑥
+ 𝑥 sin 𝑥 + 𝑐 = − cos 𝑥 + ∫ 𝑥 cos 𝑥  𝑑𝑥 + ∫

2𝑥 tan 𝑥

cos2 𝑥
 𝑑𝑥 + tan 𝑥

  

(1 mark) 

Back to finding 
𝑑

𝑑𝑥
(𝑥 sin 𝑥), we integrate both sides 

∫
𝑑

𝑑𝑥
(𝑥 sin 𝑥) 𝑑𝑥 = ∫ sin 𝑥 + 𝑥 cos 𝑥 𝑑𝑥  

→ 𝑥 sin 𝑥 + 𝑐 = − cos 𝑥 + ∫ 𝑥 cos 𝑥 𝑑𝑥  

→  ∫ 𝑥 cos 𝑥 𝑑𝑥 =  𝑥 sin 𝑥 + cos 𝑥 + 𝑐   (1 mark) 

Hence, from this answer 

𝑥

cos2 𝑥
+ 𝑥 sin 𝑥 + 𝑐 = − cos 𝑥 + ( 𝑥 sin 𝑥 + cos 𝑥) +  ∫

2𝑥 tan 𝑥

cos2 𝑥
 𝑑𝑥 + tan 𝑥 (1 mark) 

→  
𝑥

cos2 𝑥
+ 𝑐 = ∫

2𝑥 tan 𝑥

cos2 𝑥
 𝑑𝑥 + tan 𝑥    

   

→  ∫
2𝑥 tan 𝑥

cos2 𝑥
 𝑑𝑥 =

𝑥

cos2 𝑥
− tan 𝑥 + 𝑐              (1 mark) 

2 ∫
2𝑥 tan 𝑥

cos2 𝑥
 𝑑𝑥 = 2(

𝑥

cos2 𝑥
− tan 𝑥) + 𝑐    

∴  ∫
4𝑥 tan 𝑥

cos2 𝑥
 𝑑𝑥 =  

2𝑥

cos2 𝑥
− 2 tan 𝑥 + 𝑐  (1 mark)  
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c) Hence find the exact area of the function 𝑓(𝑥) =
4𝑥 tan 𝑥

cos2 𝑥
  between the equations 𝑥 = 0 and 

𝑥 =
𝜋

4
    (2 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

By using the answer in b) and the graph 

shown at the right 

𝐴𝑟𝑒𝑎 = ∫ (
4𝑥 tan 𝑥

cos2 𝑥
 ) 𝑑𝑥

𝜋

4
0

 (1 mark) 

→  [
2𝑥

cos2 𝑥
− 2 tan 𝑥]

0

𝜋

4
  (1 mark) 

 

∴ 𝐴𝑟𝑒𝑎 = (𝜋 − 2)𝑢𝑛𝑖𝑡𝑠2 

Hence, the exact area of the function 

between the equations 𝑥 = 0 and 𝑥 =
𝜋

4
 

is (𝜋 − 2)𝑢𝑛𝑖𝑡𝑠2 
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Question 4           (7 marks) 

 

Shown below is a graph of 𝑦 = 𝑓(𝑡), and consider only by the interval of [0,12] 
  

  

 

  

 

 

 

   

  

  

  

  

  

  

  

  

  

  

  

 

 

A man saw this graph and said he wanted to make another equation relating to this, but involving 

with derivatives and integrals. He came up with the equation of 𝐹(𝑥), where… 

 

𝐹(𝑥) =
𝑑

𝑑𝑥
(∫ 𝑓(𝑡) 𝑑𝑡)

𝑥

0

 

 

Explain by using the knowledge of the fundamental theorem of calculus, why this doesn’t change 

anything.           (2 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

By integrating a function 𝑓(𝑡) to a definite integral in respect to any random variable, in this case 𝑡. 

Since it’s upper limit is variable 𝑥, deriving it respect to 𝑥, will revert back to the function in terms of 𝑥. 

(1 mark) 

Hence this doesn’t change anything. 

(1 mark) 

Or can use an example of any function… 

By integrating a function 𝑓(𝑡) to a definite integral in respect to any random variable, in this case 𝑡. 

Since it’s upper limit is variable 𝑥, deriving it respect to 𝑥, will revert back to the function in terms of 𝑥. 

(1 mark) 

For example: Let 𝑓(𝑡) = 𝑡2 

∫ 𝑡2 𝑑𝑡 =
𝑥3

3

𝑥

0

→  
𝑑

𝑑𝑥
(

𝑥3

3
) = 𝑥2 

(1 mark) 
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The man then wanted to make another equation 𝐴(𝑥), where… 

 

𝐴(𝑥) = ∫ 𝑓(𝑡) 𝑑𝑡
𝑥

0

 

 

Sketch 𝐴(𝑥) below, labelling the local maximum/minimum, the coordinates at 𝑥 = 6 and 𝑥 = 12 for 

the given interval [0,12].         (5 marks)  

END OF CALCULATOR-FREE 

(0,0) (12,0) 

Local Maximum (6,9) 

Solution 

Draws correct curve and shape (1 mark) 

Labels point (0,0)                       (1 mark) 

Labels point (12,0)                     (1 mark)  

Labels (6,9), and is a Local Maximum 

(1 mark) 

Has correct domains along with closed circles 

(1 mark) 
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Additional working space 

 

Question number: __________ 
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